We experimentally investigate phase matching of high harmonic generation in a noncollinear geometry and demonstrate phase matching above critical ionization using noncollinear high-order-difference-frequency generation, which provides a route to maximize the generated photon energies. High harmonic generation (HHG) is an extreme nonlinear optical process that produces ultrashort pulses of coherent extreme-ultraviolet radiation. HHG sources provide attosecond-scale temporal resolution and nanometer-scale spatial resolution and are therefore an ideal source for many applications. Traditionally, the HHG process is driven with a single linearly polarized laser, producing a single beam of linearly polarized high harmonics. However, the use of multiple driving laser fields provides increased control over the spectral, spatial, temporal, and polarization properties of the emitted harmonics. One such combination is noncollinear high harmonic generation [1] , which generates high harmonics that are angularly separated from the fundamental driving lasers, enables the production of linearly or circularly polarized isolated attosecond bursts, and can separate individual high harmonic orders without a spectrometer. Due to the angular separation between the driving lasers, phase matching in noncollinear HHG is fundamentally different from single-beam HHG [2] and therefore presents new challenges and new opportunities. We investigate the macroscopic physics of phase-matched noncollinear HHG both experimentally and theoretically. We demonstrate phase matching of noncollinear HHG above critical ionization, which is normally the maximum ionization fraction at which full phase matching is possible in single-beam HHG. Phase matching HHG above critical ionization is an exciting prospect because it allows for the production of bright high-energy harmonics by extending the phase matched cutoff to higher energies for a given wavelength-driving laser.
OCIS codes: (020.2649) Strong field laser physics; (190.2620) Harmonic generation and mixing High harmonic generation (HHG) is an extreme nonlinear optical process that produces ultrashort pulses of coherent extreme-ultraviolet radiation. HHG sources provide attosecond-scale temporal resolution and nanometer-scale spatial resolution and are therefore an ideal source for many applications. Traditionally, the HHG process is driven with a single linearly polarized laser, producing a single beam of linearly polarized high harmonics. However, the use of multiple driving laser fields provides increased control over the spectral, spatial, temporal, and polarization properties of the emitted harmonics. One such combination is noncollinear high harmonic generation [1] , which generates high harmonics that are angularly separated from the fundamental driving lasers, enables the production of linearly or circularly polarized isolated attosecond bursts, and can separate individual high harmonic orders without a spectrometer. Due to the angular separation between the driving lasers, phase matching in noncollinear HHG is fundamentally different from single-beam HHG [2] and therefore presents new challenges and new opportunities. We investigate the macroscopic physics of phase-matched noncollinear HHG both experimentally and theoretically. We demonstrate phase matching of noncollinear HHG above critical ionization, which is normally the maximum ionization fraction at which full phase matching is possible in single-beam HHG. Phase matching HHG above critical ionization is an exciting prospect because it allows for the production of bright high-energy harmonics by extending the phase matched cutoff to higher energies for a given wavelength-driving laser.
Experimentally, we generate noncollinear HHG by overlapping two focused 800 nm pulses (45 fs) in a 100-umdiameter gas jet with a half-angle of ! = 25 mrad between them. The driving lasers are linearly polarized and therefore produce linearly polarized high harmonics through both high-order-sum-frequency generation (HOSFG) and high-order-difference-frequency generation (HODFG). In both cases, conservation of linear momentum determines the angle of harmonic emission, so that HOSFG is emitted at smaller angles than the noncollinear crossing angle ( ! < ! , Fig. 1b) and HODFG is emitted at larger angles ( ! > ! , Fig. 1c ).
This angular separation between the driving lasers and the emitted harmonics fundamentally changes the relationship between their phase velocities, which consequently affects the wave vector mismatch and therefore the © 2017 IEEE 978-1-9435-8027-9/17/$31.00 ©2017 IEEE phase matching. In single-beam HHG it is sufficient to simply consider the scalar wavevectors (Fig. 1d) . However, in noncollinear HHG the full vector combination of the wavevectors must be considered and it is the projection of the driving laser wavevector along the direction of harmonic propagation that is the relevant quantity for determining phase matching. This noncollinear projection results in a large geometry-dependent phase mismatch that is negative for HOSFG and positive for HODFG (Fig. 1e,f) . Therefore, to achieve phase matching in a noncollinear geometry this angle-dependent phase mismatch must be balanced by correspondingly large changes to the refractive index of the generating medium. The main contributions to the refractive index are from bound-(k !"#$%&' ) and free-(k !!"#$" ) electrons, which provide positive and negative phase mismatches respectively (Fig. 1  d-f) [3] . Both the bound-and free-electron contributions to the refractive index scale linearly with pressure and their relative size is determined by the ionization fraction.
To experimentally investigate the effects of phase matching in noncollinear HHG, we measure the high harmonic flux as a function of pressure in the interaction region at different harmonic emission angles, both above and below critical ionization. The pressure at which the HHG flux is optimized is considered the phase matching pressure. Below critical ionization, neutral atoms provide the dominant pressure-dependent contribution to phase matching, so that HOSFG can be well phase matched (Fig. 2a, blue circles) . Conversely, above critical ionization free electrons dominate the pressure dependent phase matching contribution, therefore HODFG is well phase matched (Fig. 2a, red triangles) . In both cases, the phase matching pressure increases with increasing angular separation from the driving laser to balance the increasing noncollinear projection. The observed increase in phase matching pressure with increasing angle in HODFG is therefore a clear indication of phase matching above critical ionization because we find that an increasingly large negative pressure dependent phase mismatch is needed balance the positive angle-dependent phase mismatch. To provide further evidence of HODFG phase matching above critical ionization we preform numerical simulations of HHG including propagation based on the electromagnetic field propagator method [4] . In the simulations, as in the experiment, the driving lasers are linearly polarized and crossed with an angle between them, producing angularly dispersed high harmonics (Fig 2b) . The intensity of the driving lasers is chosen so that the ionization fraction in the interaction region is above critical ionization. Comparing the simulated harmonic yield at different pressures allows us to numerically investigate the role of phase matching in noncollinear HHG. Increases or decreases in the pressure scaled harmonic yield indicate more or less efficient phase matching. As in the experiment, increasing pressures favor HODFG indicating that it is well phase matched above critical ionization (Fig. 2c) .
In summary, we investigate the phase matching of noncollinear HHG both above and below critical ionization. We show that HOSFG requires high phase matching pressures, which mitigates the shortened interaction length due to the noncollinear crossing angle. Additionally, we demonstrate the phase matching of noncollinear HODFG above critical ionization. Phase matching above critical ionization allows for the use of higher intensities to drive the high harmonic generation process, therefore increasing the phase matched cutoff energies attainable for a given wavelength driving laser.
